Abstract. We give a necessary geometrical condition for a domain in Euclidean n-space to be a (q, p)-Poincaré domain with 1 ≤ p < ∞ and 0 < q < p. We also show that our bound for p is sharp, when q ≥ 1 is fixed.
Introduction
A bounded domain D in Euclidean n-space is a (q, p)-Poincaré domain, q > 0, p ≥ 1, if there is a positive constant C < ∞ such that . For example, John domains are (pn/(n − p), p)-Poincaré domains, [2] , and domains satisfying a quasihyperbolic boundary condition are (p, p)-Poincaré domains as are star-shaped domains, [6] . The (np/(n − p), p)-Poincaré inequality has also been studied in the case p < 1 with additional requirements for functions, [3] .
Our goal is to study domains that are not (p, p)-Poincaré domains. A 'rooms and passages' domain G, Section 3, provides a good starting point. It is known that G is a (p, p)-Poincaré domain if and only if p ≥ (n − 1)(a − 1), where a > 1 determines how narrow the passages can be, [6, Section 5] , and special cases in [ 
, and therefore it is natural to study the situation where 0 < q < p.
Our necessary condition, Theorem 2.4, yields that G is a (q, p)-Poincaré domain, whenever p > p 0 (a, n, q) for some fixed p 0 depending only on n, a and q, Theorem 3.4. If p ≤ p 0 (a, n, q) and q ≥ 1, then it is possible to construct functions to show that G is not a (q, p)-Poincaré domain, Theorem 3.1. In the plane case we fix a and have a concrete example of a domain: (p, p)-Poincaré, and hence also (1, p) 
Poincaré decomposition
For a bounded domain D in n we write D ∈ P(q, p), where 1 ≤ p < ∞ and 0 < q < p, if there exists a finite positive constant κ q,p (D) such that
Note that usually the inequality (2.1) is written in the form
Let W be a collection of bounded strong (q, p)-Poincaré domains. Let us fix constants N ≥ 1 and c 1 
For each D in W we fix a chain C(D) satisfying (2.3) and call this the Poincaré chain from D 0 to D.
For a fixed A ∈ W we write A(W) = {D ∈ W : A ∈ C(D)}. 
2.4.
Proof. Let D 0 be a fixed domain in W. By the elementary inequality |a + b| q ≤ 2 max{q−1,0} (|a| q + |b| q ), with 0 < q < ∞, we obtain 
We are left to handle the term II in (2.8). Let us connect every domain D to a fixed domain D 0 by a Poincaré chain C(D) = (D 0 , D 1 , . . ., D k−1 , D) . By the inequality
By the strong (q, p)-Poincaré inequality and condition (2.3)
Rearranging the double sum and using (2.7) we obtain and (2.6), this yields
This completes the proof.
Example: 'rooms and passages'
Let G in n be a domain such that
where the sets D 2i−1 and P 2i , i = 1, 2, . . ., are defined as follows: Let M, a > 1 and write
and the passage
where a > 1; see Figure 1 . Domain G is a (p, p)-Poincaré domains if and only if p ≥ (n −1)(a −1) [6, Remark 5.9], see also [4, Example 6.1.1]. We will study the case when G is a (q, p)-Poincaré domain, where 1 ≤ p < ∞ and 0 < q < p. We will show that the (q, p)-Poincaré inequality acts in similar way in domain G as in Nikodým's domain (studied in [7, 2.7 Nikodým's domain, p.107]). Note in the next theorem that if q < (n − 1)(a − 1) then the expression q n+q (a(n − 1) + 1) is larger than q, so p can indeed be larger than q but less than this expression. For the gradient of function u k we obtain
